We study numerically the dynamics of spiral waves in an excitable medium with negative restitution. For our study we use two models of the excitable medium: a cellular automaton and a reaction-diffusion model. There are no significant effects of negative restitution as long as the slope of the restitution curve is less steep than Ϫ1. In media with slopes steeper than Ϫ1, the dynamics of spiral waves can change significantly: ͑1͒ the average restitution time jumps to a value where the slope of the restitution curve is about Ϫ1; ͑2͒ spiral waves can break up into turbulent patterns. We discuss a possible connection between such instabilities and fibrillation in atrial tissue. DOI: 10.1103/PhysRevE.63.041912 PACS number͑s͒: 87.18.Ϫh, 82.20.Wt, 82.40.Ck Rotating spiral waves occur in a wide variety of nonlinear excitable media ͓1͔. While spiral waves may be stable under certain conditions, they can also break up into turbulent patterns. In the case of the heart, spiral waves cause tachycardia, a dangerous cardiac arrhythmia associated with a rapid heart beat ͓2,3͔. Tachycardia can deteriorate into fibrillation, which is fatal if it occurs in the ventricles of the heart, or a serious complication if it occurs in the atria. One possible mechanism of such deterioration is spiral breakup ͓4-10͔.
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It has been shown that spiral breakup heavily depends on a property of the excitable medium called its restitution curve ͓11͔. The restitution curve of a medium is the dependency of some pulse characteristic on the restitution time, which is the interval between the start of a pulse and the end of the previous pulse. Often the measured characteristic of the pulse is its duration ͑called action potential duration or APD in the case of cardiac tissue͒, which yields the APD restitution curve. Another important pulse characteristic is its refractory period ͑RP͒, which is the time interval during which a cell cannot be excited after a previous excitation; this leads to the RP restitution curve. In cardiac tissue, the RP and APD restitution curves are similar. Under normal conditions, longer restitution times lead to longer pulse durations and refractory periods, so that the restitution curve has positive slope everywhere. In this case, it has been shown that instabilities, e.g., spiral breakup, can occur if the slope of the restitution curve is steeper than 1 ͓11͔.
Experiments show that the slope of the RP restitution curve of cardiac tissue can become negative ͑we call this negative restitution͒ ͓12͔. In the case of atrial tissue, negative restitution has been observed in healthy animals, and it became even more pronounced under pathological conditions ͑chronic atrial fibrillation͒ ͓14͔. It was also shown in a modeling study that even a small degree of negative restitution can be important for wave propagation in a ring of excitable tissue ͓13͔. In spite of the existence of negative restitution in cardiac tissue, the influence of negative restitution on spiral wave dynamics has not yet been studied.
In this paper, we study numerically how negative restitution can affect spiral wave dynamics. We are interested in general mechanisms; therefore, we look at restitution curves that are simple rather than realistic for heart tissue.
We developed two types of model of an excitable medium with negative restitution: a cellular automaton ͑CA͒ model and a reaction-diffusion ͑RD͒ type model. Both types of description of excitable media-CA ͓5͔ and RD ͓4,6-8͔-have been used successfully to study spiral breakup in media with positive restitution.
CA model. We modified a cellular automation model ͓15͔ in a way that allows us to input the restitution curve directly. In our model, each cell can be in one of the following three states: resting, excited, or refractory. If a cell is in the rest state, we check at every time step whether one of its eight closest neighbors is in the excited state. If so, we increase an inner variable called the excitation counter by 1 for each excited neighbor at each time step. If the excitation counter exceeds a predefined threshold ͑h͒, the cell switches to the excited state. In the excited state, a cell can excite its neighbors for a constant number of time steps (t ex ) and then switches to the refractory state, where it again stays for a constant number of time steps. At the end of the refractory state, the cell switches back into the rest state. The ''action potential'' in the CA model is therefore fully characterized by the times at which the cell is excited and at which it returns to the rest state, and the shape of the action potential can be considered rectangular. Now we make the restitution curve of the CA model nonconstant. To achieve that, we need the duration of the refractory period to depend on the time spent in the rest state before excitation. In the CA model, the refractory period (t ref ) is the sum of the times spent in the excited and refractory states. So by letting the duration of the refractory state depend on the restitution time, an arbitrary restitution curve can be forced upon the model. In our simulations, we always used t ex ϭ10 and hϭ19.
RD model. We also used a reaction-diffusion model of FitzHugh-Nagumo type piecewise linear ''Pushchino kinetics'' ͓16͔:
where e is the transmembrane potential and g is the gate variable. In order to make the shape of the action potential as simple as possible, we used the following nonlinear function f (e) ͓17͔: f (e)ϭlim c→ϱ Ce when eϽ0, f (e)ϭ(eϪ0.1) if 0рeр1, and f (e)ϭlim C→ϱ C(eϪ1) when eϾ1. For this shape of f (e), the excitation pulse has a plateau region at eϭ1, the rest state at eϭ0, and the shape of the pulse is close to rectangular. To model the regions of infinite slope of function f (e) numerically we use the IF operators stating that if the variable e is above 1 it is set to 1, and if eϽ0, it is set to 0. It has been shown that this procedure gives a sufficiently precise solution of Eq. ͑1͒ with f as given above ͓18͔. In our basic model, (e,g)ϭ0.067 if 0.1ϽeϽ0.99 and (e,g)ϭ0.1 for other values of e. Such a model has an almost flat restitution curve ͑the solid line in Fig. 1͒ . In order to describe a medium with negative restitution, we made the function (e,g) dependent on the restitution time. We put (e,g)ϭT Ϫ1 (t r ) ͑if 0.45рgр0.55 and eϽ0.1), where t r is the restitution time, and T RD (t r ) is the function using which we set up the desired restitution curve. In fact, if 0.45рg р0.55, eϽ0.1, the excitable medium is in the refractory state and the time interval during which the variable g decreases from gϭ0.55 to gϭ0.45, is given by T RD (t r )ln 0.55/0.45. Therefore, by choosing the function T RD (t r ), we can construct an excitable medium with any desired dependence of the refractory period on t r .
For numerical modeling of Eq. ͑1͒, we used the explicit Euler method with Neumann boundary conditions and a rectangular grid. Numerical integration was performed with a space step h s ϭ0.6 and a time step h t ϭ0.03. The error in these computations, estimated using the difference between the computed and the analytically found velocity of plane wave propagation ͓17͔, was about 5%.
To initiate the spiral wave we used in both models initial data corresponding to a two-dimensional ͑2D͒ broken wave front, or alternatively the S 1 S 2 stimulation protocol, which is often used in experimental electrophysiology ͓19͔. Note that we chose the parameters of the CA model such that the spirals closely match those in the RD model. We characterize spirals by their average restitution time ͑ART͒. To find the ART we first compute the restitution times at each point of the excitable medium and find their spatial average. The restitution times were evaluated as the time the point spent in the rest state prior to the preceding excitation. The rest state in the RD model was determined as the time between the end of the refractory period and the next excitation. The refractory period was estimated to be the time interval from the beginning of excitation until the moment of time when the variable g reaches the value gϭ0.45 at the wave back.
We start with a simple analysis. Consider stimulation of an excitable medium with a constant period T and denote the refractory periods of the successive pulses as (t ref ) n and their restitution times as t r,n . Because the period of stimulation is constant, (t ref ) n ϩt r,n ϭT. The refractory period of the pulse t ref,nϩ1 is determined by the previous restitution time, or
where f is the restitution curve, and the dynamics are given by iteration of this discrete map. A fixed point of this map corresponds to a train of pulses of equal length. Such a fixed point is unstable whenever ͉d f /dt r ͉Ͼ1 ͓11͔. The case d f /dt r Ͼ1 corresponds to the positive restitution studied earlier, and d f /dt r ϽϪ1 corresponds to negative restitution. Therefore, we expect instabilities for negative restitution if the slope becomes steeper than Ϫ1.
In order to study the effect of negative restitution on spiral wave dynamics in our CA model, we first induced a spiral wave in a medium with a constant restitution curve. For our CA model parameters, the ART is 20; this value is marked on the restitution curve ͑square in Fig. 1 , left panel͒. Then we generated a family of restitution curves that all go through this location (t r ϭ20, t ref ϭ76) but have slopes between 0 and Ϫ1.5. These restitution curves are linear up to t r ϭ50 time units and constant for t r Ͼ50 time units. Three examples of such restitution curves together with the computed location of spirals are shown in Fig. 1 , left panel. Note that, because all restitution curves go through the point t r ϭ20, t ref ϭ76, there exists a spiral wave solution with t r ϭ20, t ref ϭ76, but it does not mean that this solution is stable. From Fig. 1 , left panel, we see that for slopes 0 and Ϫ0.7 the spiral location is close to the spiral location for a constant restitution curve, but for slope Ϫ1.45 it is considerably shifted to the right. The complete dependency of the spiral location on the slope is shown in Fig. 1 , right panel. We see that for slopes less steep than Ϫ1 the ART remains almost the same as for the constant restitution curve, with only small standard deviations in the ART. For slopes steeper than Ϫ1, the ART jumps to much higher values. The ART is then close to 50, the value at which the oblique segment of the restitution curve ends. Also, for slopes steeper than Ϫ1, the ART has a larger standard deviation. This reflects the nonstationarity of spirals that we observe for such restitution curves. For slopes steeper than Ϫ1.15 we frequently observed breakup, which was more pronounced for still steeper slopes. In some cases, the spirals disappeared at the boundary. We did similar computations in the RD model. By choosing functions T RD (t r ), we generated a family of restitution curves similar to those used in the CA model ͑see Fig. 2 , left panel͒. We see that as for the CA model the ART of a spiral wave is almost unchanged for the restitution curves with slopes 0 and Ϫ0.7 and it is shifted to the right for slope Ϫ1.4. We also see that the dependency of the ART on the slope in the RD model ͑Fig. 2, right panel͒ is similar to that in the CA model, but there are some differences: First, the rise of the ART in the RD model is less abrupt; second, the breakup of spirals for slopes steeper than Ϫ1 is not as pronounced as in the CA model.
In our view, this shift of ART can be explained by the following simple consideration. It is reasonable to assume that spiral waves tend to minimize their period. Usually, this results in the selection of the smallest possible distance between the wave front and wave back in a spiral. In physiology such a distance is called the excitable gap; in our case it is just the restitution time. However, for media with negative restitution, the minimal excitable gap ͑restitution time͒ does not necessarily mean the minimal period. Because the period of a spiral wave is Tϭ(t ref ϩt r ), the minimum is reached at dT/dt r ϭ0,
. So, according to the period minimization principle, for a restitution curve with second derivative everywhere positive, the spiral should choose an ART for which the slope of the restitution curve is Ϫ1.
Although the results shown in Figs. 1 and 2 are consistent with this explanation, they are not conclusive because the slope jumps discontinuously and takes on only two values for each restitution curve. Therefore, we studied a medium whose restitution curve has continuously varying slope. For both CA and RD models, we generated a restitution curve that is constant for t r ϾTR 0 and a parabola for t r ϽTR 0 , such that the slope is Ϫ1 at t r ϭ38.2. We initiated a spiral wave in such a medium and found its ART ͑Fig. 3, left panel͒. We see that the spiral indeed chooses an ART close to the point where the restitution curve has slope Ϫ1 ͑arrow͒ in both models. We also performed a series of computations in which we shifted the parabola. The results are presented in Fig. 3 , right panel; the straight line shows the value of ART at which the restitution curve has slope Ϫ1. We see that for both models the time average of the ART is always in the region where the slope is less steep than Ϫ1 ͑above the solid line͒. In the RD model, the average ART is almost exactly at slope Ϫ1; in the CA model, there are some deviations toward larger ARTs. Therefore, we conclude that spiral waves tend to avoid the regions where the restitution curves have slopes steeper than Ϫ1 by choosing an ART value at which the slope of the restitution curve is close to and less steep than Ϫ1.
Another important phenomenon that may occur in media with negative restitution is spiral breakup into a complex turbulent pattern. Figure 4 shows examples of such patterns which occur in CA and RD models with a parabolic restitu-FIG. 2. Restitution curves and corresponding range of average restitution times in the RD model. Restitution curves were set up using T RD (t r )ϭ300ϩ5(t r Ϫ20)ϫslope ͑for t r Ͻ50) and T RD ϭ300 ϩ150ϫslope ͑for t r у50). Medium size was 300ϫ300; the meaning of the symbols is the same as in Fig. 1 2 /3ϩ150 for t r Ͻ53.2 and T RD ϭ150 for t r у53.2, after 22, 43, 145, and 211 spiral periods ͑me-dium size 721ϫ721). tion curve. In the CA model the breakup typically occurs in the following way. At some region of the spiral, the excitable gap becomes rather small, leading to a longer duration of the next excitation ͑due to the negative restitution͒. This leads to progressively smaller excitable gaps ͑which can be seen in Fig. 4 , left panel, first subfigure͒. Finally, the wave front breaks; in the case of Fig. 4 , left panel, this occurs close to the core of the spiral wave. The open ends of the broken front form new spirals, which in turn break up further, resulting in the patterns presented in Fig. 4 , left panel.
In the RD model, the effects are similar ͑see Fig. 4 , right panel͒; however, the regions of instability are not as regular as in the case of the CA model. The breakup again occurs close to the core of the spiral.
Note that the breakup in the RD model is in general substantially less pronounced than in the CA model. In fact, we have observed a very limited breakup for the parabolic restitution curve from Fig. 3 , left panel, and in order to generate a picture comparable to the CA model we increased the curvature of the parabola by a factor of 2.
The breakup that we observed in media with negative restitution is in some ways less pronounced than the breakup known in media with positive restitution. The main difference is that in media with negative restitution breakup takes quite a long time to develop ͑tens of rotations͒, compared to just a few rotations in the case of positive restitution curves ͓7͔. This may be a consequence of the effect found in this paper: shifting of the spiral ART to the region where the slope of the restitution curve is Ϫ1. In fact, the slope Ϫ1 is the value at which instability first occurs and therefore the growth rate of the instabilities is minimal, which may explain their slow development. Quite differently, in media with positive restitution, the shift of the ART is absent and the spiral is usually located in the region with slope much steeper than 1 ͓20͔, which results in faster growth of instabilities and faster breakup of spirals.
Still, the effect of ART shifting to the point where the slope equals Ϫ1 might in certain situations promote spiral breakup. In fact, this shift should be observed not only for restitution curves with negative slope everywhere, but also for restitution curves whose slope is negative just in a small interval. In such a case, the shift can potentially move the spiral from the region where breakup is absent to the region of slope Ϫ1 where breakup is possible.
Although the relation between negative restitution and atrial fibrillation is not yet clear, experimental results indicate fibrillation is more easily inducible in atrial tissue with strongly negative restitution ͓14͔. Our results on the instability of spiral waves in media with negative restitution suggest an explanation for how negative restitution can facilitate the development of atrial fibrillation. Note, however, that the restitution curves measured in ͓14͔ did not have slopes steeper than Ϫ1.
In this paper, we used general models of excitable media with negative restitution. Therefore, it is likely that the instabilities we found can occur not only in cardiac tissue, but also in the BZ reaction ͓21,22͔, neuronal tissue ͓23͔, or other excitable media that exhibit negative restitution.
